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A PROOF OF THE SPLITTING CONJECTURE
OF S.-T. YAU

RICHARD P.A.C. NEWMAN

Abstract

According to a conjecture of Yau, a geodesically complete space-time
satisfying the timelike convergence condition and admitting a timelike
line is isometric to the product of that line and a spacelike hypersurface.
A proof for globally hyperbolic space-times has recently been provided
by Eschenberg. The present paper shows how Eschenburg’s arguments
may be refined so as to yield a complete proof of Yau’s conjecture.

1. Introduction

The Cheeger-Gromoll [4] splitting theorem of Riemannian geometry
states that a complete Riemannian (n + 1)-manifold of nonnegative Ricci
curvature admitting an absolutely maximizing geodesic is isometric to the
product of that geodesic and a complete Riemannian #-manifold. The
simplest known proof of this result is due to Eschenburg and Heintze [6].
The following conjecture of Yau proposed that there should be an analogue
of the Cheeger-Gromoll theorem for Lorentzian manifolds.

Conjecture(Yau [10]). A geodesically complete Lorentzian 4-manifold
of nonnegative Ricci curvature in the timelike direction which contains an
absolutely maximizing timelike geodesic is isometrically the cross product
of that geodesic and a spacelike hypersurface.

Various restricted results pertaining to this conjecture were first estab-
lished by Galloway [7] and by Beem et al. [2], [3]. However the central
development came with a recent paper of Eschenberg [5]. This showed
that the elementary proof of the Cheeger-Gromoll theorem given in [6]
could be directly translated to the Lorentzian case to give a proof of the
Yau conjecture, subject to an additional hypothesis of global hyperbolicity.
A subsequent paper of Galloway [8] employed maximal surface techniques
to obtain a more natural and more powerful approach to the key step in
Eschenberg’s theorem. This led to a demonstration that, if global hyper-
bolicity does hold, then the hypothesis of timelike geodesic completeness
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in Eschenberg’s result is redundant, provided the given absolutely maxi-
mizing timelike geodesic is complete.

It is the purpose of this paper to show that Eschenberg’s arguments may
be refined in a different direction so as to dispense with the hypothesis
of global hyperbolicity and thus yield a complete proof of Yau’s conjec-
ture. No essentially new results are required. Even the principal step
(Lemma 3.9) in overcoming the lack of a hypothesis of global hyperbolic-
ity is achieved by an adaptation of the techniques of the proof of Lemma
3.2 in [5). Galloway’s minimal surface techniques are employed for the
sake of elegance.

Throughout the subsequent sections, (M, g) will denote a C*° connected
time-orientable Lorentzian (n + 1)-manifold, » > 1. All notation and
terminology will be as in Eschenberg [5] and Penrose [9]. All causal curves
are future directed except where stated otherwise.

2. Busemann functions

For the purposes of this section let a: R D 4, — M be any unit speed
C! timelike curve.

For each p € J=(la]) let 4F, = o~ !(J*(p)) C 4, and ¢}, :=
inf{t € 4} ,}. Similarly for each p € J*(|a]) let 47, :=a~1(J7(p)) C 4.
and ¢, , = sup{t € 4, ,}. If the chronology condition holds at a point
p € J*(la])NJ~(|e|) then ¢;, < tF .. For any g,r € J*(la|)NJ~(|a|) such

a,p —
that r€ J*(q) one has ¢, < ¢, and tf, < tf,.
The following definition is fundamental.
Definition 2.1. For each ¢ € A, the pre-Busemann functions b;‘f,:

JF(a(t)) = RU {Foc} are defined by
bip):=t-d(p,a(t), by lq):=t+d(a),q).
The Busemann functions b : J¥(|a|) — RU {Foo} are defined by
by(p):= inf b},(p),  b;(q):= sup b,,(q).
teds, ted,,

Note that certain sign conventions relating to the functions b, and b7
differ from those of Eschenberg [5] and Galloway [8]. ;

The following result may be obtained by repeated applications of the
reverse triangle inequality.

Proposition 2.2. (I) For any t € A, one has b} ,(a(t)) < t < by (a(t))
SJorall s, uc A, such that s <t < u;

(I) for any p € J¥(|a|) the functions Agfp — R defined by t — bgft(p)
are monotonically decreasing ;
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(III) (a) for any p,q € J~(|a|) such that ¢ € J*(p) one has b} (q) >
b3 (p)+d(p,q) for all t € AF ;;

(b) for any p,q € J*(|o) such that g € J*(p) one has b, (q) > b, (p)+
d(p,q) forallte A7,

Corollary. The sets {b%, = const} are achronal.

Proposition 2.3. (I) For each t € A, one has b} (a(t)) <t < b7 (a(t));

(I1) for all p,q € J¥(|a|) such that q € J*(p) one has b¥(q) > bE(p) +
d(p,q).

Corollary. The sets {b* = const} are achronal.

3, Lines and line segments

Given any unit speed timelike C! curve, the associated Busemann and
pre-Busemann functions defined in the previous section have few gen-
eral properties other than those established by Propositions 2.2 and 2.3.
However much progress can be made for timelike curves that satisfy the
following.

Definition 3.1, A causalcurve a: R D A, — M satisfying d(a(t,), a(t2))
= L(g|[t, t;]) for all ¢, ¢, € A, such that ¢, > ¢, is a line segment. A future
(respectively past) endless line segment from (to) a point p € M is a future
(past) ray from (to) p. An endless line segment is a line.

Clearly any line segment is a geodesic segment.

Remark 3.2. Suppose strong causality holds at a point p € M. Let % be
a local causality neighborhood of p. Then every causal geodesic segment
in % 1is a line segment in M.

Proposition 3.3. Ifa: R D A, — M is a line segment, then the chronol-
ogy condition holds at each point of J* (|a|) N J~(|a|).

Proof. Suppose the chronology condition is violated at some point p €
J*(la]) N J=(|a]). Then there exists a timelike curve A from p to p. Let
t; € A, be such that there exists a causal curve 4; from «(f,) to p, and
ty € A, N[t,00) such that there exists a causal curve u, from p to a(f).
Since 4 is timelike, and accordingly has strictly positive length, there exists
an integer m > 0 such that mL(4) > d(a(t)),a(t2)). The concatenation
of uy, m copies of 4, and u, gives a causal curve » from a(¢;) to a(t;) of
length L(v) > mL(4) > d(a(t;), a(t)). This is impossible,

Corollary. For each p € J*(Ja]) NJ~(|a|) one has t;, < tf,,.

Proposition 3.4. Let o: RD A, — M be a timelike line segment. Then
for each t € A, the causality condition holds at a(t) € M.
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Proof. Suppose there exists { € 4, such that there is a nondegenerate
causal curve y from «(z) to a(t). By Proposition 3.3 one has that y is
a null line segment. Suppose there exists {_ € A, N (—oo,t). Then the
concatenation of a/[f_, t] and y is a nongeodesic causal curve v from a(z_)
to a(t) of length L(v) = L(a[t_,t]) + L(y) = t — t—. Hence there should
exist a timelike curve from a(z.) to a(t) of length strictly greater than
t — t_, and this is impossible. If 1_ does not exist then there must exist
t, € A, N(t,00), and one is again led to a contradiction. gq.e.d.

If t € A, is such that a(z) is not an endpoint of a, then the conclusion
of the preceding result may be strengthened as follows.

Proposition 3.5. Ifa: R D> A, — M is a timelike line segment, then

strong causality holds at a(t) for all t € jla.

Proof. Suppose there exists ¢t € 4, such that strong causality fails at
at). Lett- € A, N (—o0o,t) and t, € A, N (t,00), and let A, C I (a(t-)) N
I~ (a(t;)) be a compact neighborhood of a(¢) which does not totally future
imprison any future endless causal curve. There exist a neighborhood
A C M of a(t) and a decreasing sequence of neighborhoods % C 4
of a(t) converging to {a(?)} such that for each i > O there exists, from
some p; € ¥ to some r; € .4, a causal curve A; which cuts M — .#", The
4; admit a nondegenerate causal cluster curve A from «a(z) which is either
future endless in M or has a future endpoint at «(¢). Since the latter
possibility is excluded by Proposition 3.4 there exists g € |A| —%. If A cut
I (a(t)) then, for any ¢ € A, N (¢, o) such that a(t') € I~ (]A]), there would
exist j > O such that 4; cut I (a(')), with r; € #; C I”(a(t')). Since
this would imply chronology violation at a(#'), contrary to Proposition
3.3, A cannot therefore cut I*(a(t)) and so must be a null geodesic. The
concatenation of «|[z_, t] and the segment of 1 from a(z) to ¢ is therefore
a nongeodesic causal curve from a(z_) to ¢ of length ¢ — ¢_. Hence there
exist ¢ > 0 and a neighborhood 7; C (M — #,) NI*(a(t-)) of ¢ such that
d(a(t-),q') > t —t_ + 2¢ for all ¢’ € Z;. There also exists I > 0 such
that d(r,a(ty)) >t —t, —¢ forall ¥ € A1 C I"(a(ty)). Choose j > I
such that there exists g; € |4;|N 7. There exists a timelike curve ¢;” from
a(i_) to g; of length L(s;) > t —t— + 2¢ and a timelike curve ¢;" from
rj € 45 C A1 to a(ty) of length L(o") > ¢, — t — &. The concatenation
of g;, the segment of A; from g; to r;, and g} is a causal curve g; from
a(t-) to oft,) of length L(g;) > L(d;) + L(d]) > t; —t_ +¢. This is
impossible. q.e.d.

If (M,g) is not globally hyperbolic, there may exist causal curves of
arbitrarily great length between fixed points p,q € M. According to the
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next result this does not occur if p,g € J*(|a|)NJ~(]a|) for a timelike line
segment a.

Proposition 3.6. Let a: R O A, — M be a unit speed timelike line
segment. Then for any p,q € J*(|a|) N J~(|a|) such that ¢ € J*(p) one
hasd(p,q) <t}f,—t5,.

The following result and its corollary imply that the pre-Busemann and
Busemann functions associated with a timelike line segment a are finite
wherever they are defined in J*(la|) N J~ (|a]).

Proposition 3.7. Let a: R D A, — M be a unit speed timelike line
segment. Then:

(I) for each t € A, one has b}, (a(t)) = bys(a(t)) =t for all s € A, N
(—oo,t] and all u € A, N[t, 00);

(I) for each p € J*(|al) N J~(lal) one has 17, < b7, (p) < b, (p) < 1%,
Joralls € A7, and all u € 4}, ~

Corollary. (1) b} (a(t)) = b (a(t)) =t forall t € A,;

(I ¢, < by (p) < b5 (p) <tf, forall p € J*(|a]) NI~ (lal).

Let a: R D A, — M be a unit speed timelike line segment, and let
{e,: 4 =0,---,n} be a parallelly propagated orthonormal tetrad along o
such that e; = &. There exists an open neighborhood &, of 4, x {0} in
Ay x R" admitting a diffeomorphism

O:RxR'ODA, w A CM

of the form
(X% x1, X)) — eXpagroy (1) XPe)).

Let &7, be chosen sufficiently small such that the hypersurfaces {x0 =
const} of &7, are spacelike, and such that the hypersurfaces {r = const} are
timelike. If A4, is open in R, then .27, is open in M.

The coordinates (x% x!,---, x") on % will be of use in the expression
of estimates near a. Components of tensors at points of ., will be ex-
pressed solely with respect to the basis {8,}. For any vectorv= 37 _,v*8;
at any point of %, it is convenient to define ¥ := "7, v'8;. Norms of
tensors on %7, will be evaluated with respect to the positive definite metric
g defined on &, by §(X,Y) = })_o X*Y*. Use will also be made of the
flat Lorentzian metric on %/, defined by g := ZZ,»=O Nudx* ® dx” where
Nuy = diag(=1,1,---,1). .

Foreacht€ A4,, T >0and R> 0,set U(T,R;t):=[t-T,t+T]x B C
R x R", where B} is the closed n-ball of radius R centered on the origin

in R". Let U(T,R;1) := ®U(T,Rit) N &4). If t € Aq, then U(T, R;?) is
a neighborhood of «a(¢) in M. For any ¢ € A, it is possible to choose T
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and R sufficiently small to give U(T, R;t) C 5, in which case U(T, R; )
is compact.
For the remainder of this section let a: R > 4, — M be a unit speed

timelike line segment and let ¢ € jla. If (M, g) is globally hyperbolic then,
for any s € 4, N (—o0,t) and u € A, N (¢, 00), the functions b}, = u —
d(-,a(u)) and by = s + d(a(s),-) are smooth in a neighborhood of «(f).
This leads to estimates for b}, and b, near «(f) as in Lemma 3.1 of
Eschenberg [5]. It will now be shown that the strong causality at a(?)
suffices for such estimates.

Lemma 3.8. Foranyt_ € A,N(—c0,1) there exist a neighborhood N#_ C

I {a(t)) of aft) in M, and a constant C_ > 0 such that
(1a) b, —x% < C_r2
onN_Ns, forall s € A, N (—oo,t_]. Forany t, € A, N(t,00) there exist

a neighborhood A C I~ (a(ty)) of a(t) in M and a constant C, > 0 such
that

(1b) b2, — X% < Cor?

on NN, forallue A, nN{t,, o).

Proof. Let % C A, be a local causality neighborhood of «a(¢) in M,
andlet ¢, € (t,t.]Na Y %), t_ € [t_,t)Na~ Y (%). Choose T,R > 0 such
that U(T, R;¢t) is compact and contained in I*(a(t_)) NI~ (a(t})) C #%.
For each p € I (a(t})) N% one has d(p,a(t,)) = d(p,a(t,); % ). Hence
the function d(:, a(t})) is smooth on I~ («(t,);#), and those of its level
surfaces which meet o in I~ (a(#}); %) do so orthogonally. Thus b7, =
t, —d(-,a(t))) is smooth on U(T, R; ) and satisfies
(2) b;,—xozaib;,,,=0, i=1,---,n

L,
on || N U(T,R;t). Since U(T, R;t) is compact, there exists a constant
C. > 0 such that

(3) |3i3jb:,t;| <2C%, iL,j=1,---,n

on U(T,R;t). From (2) and (3) we obtain

@ B, — 0 < C}r?

on U(T, R;t). Similarly there exists a constant C’ > 0 such that
(5) by — X<

on U(T,R;t). Since one has s < t_ <t <t < t; < u, the inequalities
(4) and (5) give
x0—-CLrr<by, <b  <b}, <b’

a,t,

az
<x¥+Cir?
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on U(T, R;t). Setting C := max{C’, C’.} one obtains
(6) x0—Crr<b <bf, <xP+Cr

on U(T,R;t). This implies both (1a) and (1b) for A, = A#_ = U(T, R;1).

Corollary. There exists a neighborhood V" C I'*(|a]) NI~ (|a|) N &, of
a(t) admitting a constant C > 0 such that |b} — x°| < Cr? and |b; — x°| <
CrionJ.

Let p,q € M be such that g € I*(p). If (M,g) is globally hyperbolic,
then one is assured of the existence of a timelike line segment from p to
g. In general however there will only be a line segment from p to ¢ under
special conditions. In the case where (M, g) is either globally hyperbolic or
timelike geodesically complete, the following result furnishes a method of
construction for the required line segment, provided p and g are suitably
restricted in relation to the given line segment a.

Lemma 3.9. Suppose (M,g) is either globally hyperbolic or timelike geo-
desically complete. Let t, € A, N (t,00). Then there exists a neighborhood
A C I(|a)) N I~ (alty)) of a(t) such that, for any p € # and u € A, N
[t;,00), and any sequence of causal curves A; to o(u) with past endpoints
p; €N converging to p and lengths L(A;) > d(p, a(u))—27!, every maximal
causal cluster curve of the A; to a(u) is a timelike line segment from p to
a(u).

Proof. If (M,g) is globally hyperbolic, the conclusion follows imme-
diately. Suppose henceforth that (A, g) is timelike geodesically complete
but not necessarily globally hyperbolic.

Let  C I~ (a(t))) N A, be a local causality neighborhood of «(?).
Choose T, R, > 0 such that U(Ty, R,;?) is a compact subset of Z and
admits a constant C > 0 such that b}, — x°| < Cr? on U(T3,Ry;t) for
all u € 4, N[t;,o0). Since the hypersurfaces {x® = const} are smooth and
spacelike, there exists a constant k > 0 such that, for any causal vector X
at any point of U(T}, Ry; ), one has ||X|| < k| X?|. Without loss of general-
ity, assume R; > 2kT;. Choose any ¢ € (0, 1) such that 6T, < 1/(4k*C).
Let T:=(1-0)T; and R := min{R, — (2 - 8)kT,,1/(32kC),0kT,}. Let
A % (T,R; 1) be a local causality neighborhood of «a(z).

Letp e 4 and u € A, N[t,,00). Let 4; be a sequence of causal curves to
o(u) from points p; € .4 converging to p with lengths L(4;) > d(p, a(u)) —
21, Let o+ be a maximal causal cluster curve of the 4; to a(u), and
let o; be a subsequence of the A; having o+ as a limit curve. Let ¢~ be
a maximal causal cluster curve of the g; from p. One may assume, by
passing to subsequences if necessary, that ¢~ is a limit curve of the g;.
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Suppose ¢~ is not a geodesic. Let g,7, be a nongeodesic segment of 6~
from p to some point g. Then there exists a timelike curve v’/ from p to
g of length L(v') > L(g,,) + 4¢, for some & > 0. Let 7, C I*(p) be an
open neighborhood of g such that d(p, ¢') > L(v') — &1 > L(g,,) + 3¢, for
all ¢’ € 7;. Clearly o, is a limit curve of a sequence of segments v; of
the corresponding g; from the p; to points g; converging to ¢. One may,
by passing to subsequences if necessary, assume L(v;) < L(d,,) + & and
q; € 74 for all i. For each i, there exists a timelike curve v/ from p to g;
of length L(v}) > L(a,,)+ 2¢, > L(v;) +¢&;. For each i, the concatenation
of v/ and the segment of ¢; from ¢; to a(u) is a causal curve o from p
to a(u) of length L(g!) > L(a;) + & > d(p,a(u)) — 27" +¢,. This gives a
contradiction for i sufficiently large. Hence o~ is a causal geodesic.

Suppose o~ is a future endless timelike geodesic. Then o~ is future
complete and so admits a segment Oy from p to some point r such that
L(o,,) > d(p,a(u)) + 3¢, for some &; > 0. Let Z7 C I*(p) be an open
neighborhood of r such that d(p,r’) > L(a,,) — & > d(p, a(u)) + 2¢; for
all ' € 7;. Choose any integer j > 0 such that there exists 7; € |g;| N Z7.
Let u; be a timelike curve from p to r; of length L(u;) > d(p, a(u)) + &2.
The concatenation of x; and the segment of g; from r; to a(u) is then a
causal curve from p to a(u) of length strictly greater than d(p, a(u)) + é>.
This is impossible.

Now suppose o~ is a null geodesic, either future endless or with a
future endpoint at a(u) ¢ #. The inequality Ry — R > (2 - §)kT, =
k(T1+T) ensures that o~ leaves U(T7, Ry; ¢) in the future direction through
the future boundary thereof. Hence, with o~ parametrized such that
x%a~(v)) - x%p) = v for all v € (67) (%), 6~ (v) must exist and
lie in U(Ty,R;¢) for all v € [0,vg], where vo := 6T; = T, — T. Let

s := 0~ (vo) € U(Ty, Ry;t). Then x9(s) — xO(p) = vy, |r(s) — r(p)] < kvy
and d(p,s) = d(p,s;%) = 0. Hence there exist open neighborhoods
7, C (oJ (T,R;t) and Z; C (OJ (T1,R;;t) of p and s respectively such that
|x0(s") — xOs)| < wo/16, |r3(s") — r3(s)| < ve/16C and d(p’,s') < vo/4
for all p’ € 7, and s’ € 75 such that s’ € J*(p';%). Choose any integer
J > 0 such that there exist p; € |o;| N7, and s; € |07]NZ5, and such that
L(oy) > d(p,a(u)) — vo/4. The segment of ¢~ from p; € 7, to s; € 7;
has length strictly less than vo/4. Thus the segment of o~ from s; to a(u)
has length strictly greater than d(p, a(u)) — vo/2, and therefore

% | bt (ss) = BEu(P) < Vo/2.
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However one also has

b u(ss) = bE.(p) 2 x%(ss) = x°(p) = C(r*(p) + r(s,))
> vg — C(r¥(p) + r*(s)) — vo/8
>(1- kZCUO)vo =2Cr(p){r(p) + kvo} — vo/8.

The use of the inequalities k?Cvy = k*C6T; < 1/4 and r(p) < R <
min{1/(32kC), kvg} herein gives

(8) bgu(sr) = b u(p) > vo/2.

Clearly (7) and (8) are contradictory. Hence ¢~ cannot be a null geodesic.

The preceding arguments yield that ¢~ is a timelike geodesic from p to
a(u). Since causality holds at p € .#" and a(u), it follows that 6~ and ¢+
are coincident. Let o ;=0 =0~

For each i > 0 let %; be a local causality neighborhood of p such that no
causal curve in %; has length strictly greater than e~*. Since ¢ is timelike,
for each / > 0 there exists j(i) > i such that p; € Z; and such that there
exists p}“ € lo;|NI*(p,%;). Let y; be a causal curve in %; from p to p}“, and
let o] be the concatenation of y; and the segment of g; from pj‘.‘ to a(u).
Then o} is a causal curve from p to a(u) of length L(o}) > L(g;) - e .
Since one has |y;| C %; for all i, with (), %; = {p}, the geodesic o, being a
limit curve of the ;, must also be a limit curve of the g;. Hence

L(o) > limsup L(g}) > limsup(L(a;;;)) — e™")

JR i—oo
= lim sup L(aj(;)) > d(p, a(u)).
1—0o0

In fact one must have L(g) = d{(p,a(u)), which shows that o is a line
segment.

Corollary. For any u € A, N[ty,00) and any p € 4 C I~ (a(u)) there
exists at least one timelike line segment from p to a(u).

The next result concerns the uniqueness of the timelike line segments
referred to in the previous corollary. For the purposes of this and sub-
sequent results, for each p € M let U C T, M denote the space of all
future-directed unit timelike vectors at p.

Lemma 3.10. Suppose (M,g) is either globally hyperbolic or timelike
geodesically complete. Let u € A, N (t,00). Then there exist an open
neighborhood /¥, of a(t), an open neighborhood Z;, of &(u) in U;(u>, and
£ > 0 such that

(1) the mapping &, x (u —t — &, u —t + &) — M defined by (X,s) —
€XPa(y)(—5X) is a diffeomorphism onto Ny
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(I1) for each X € 2, and each § € (u—t—¢e,u—t+e) the curve [0,5] - M
given by s — €xp,,(—(§ — 5)X) is the unique line segment in M from
€XPq(w) (—5X) to a(u).

Proof. Let 7 be a neighborhood of a(¢) as in Lemma 3.9 (with « here
taking the place of ¢,). For each p € 7 there exists at least one timelike

line segment from p to a(u). Since ¢t € ;10 and u € A, cannot be conjugate
values for a, there exist an open neighborhood 2 of &(u) in U;(u) and
¢’ > 0 such that the mapping ©: 2 x (u—t—¢',u—t+¢&') = M defined
by (X, s) — €Xpy(y)(—sX) is a diffeomorphism onto an open neighborhood
¥ Cc 7 of a(t). Let Z be such that there exists d > 0 such that || X|| < 149
for all X € 2. Since strong causality holds at a(t), one may suppose that
Z;! and &’ > 0 are sufficiently small such that, for each X € 27/, there exists
no s > u —t+ &' such that exp,(,,(-sX) € %.

Let¢; € (0,¢’) and Z C Z be decreasing sequences, with the ¢; converg-
ing to zero and the 27 neighborhoods of &(u) in U;(u) converging to {a(u)}.
Then the 7} := {€xpy)(—sX): X € Z, s € (u—t—e,u—t+¢)} C ¥
are a decreasing sequence of neighborhoods of a(#) converging to {a(?)}.
Suppose that for each i there exists, from some p; € 4, C 7 C I~ (a(u)) to
a(u), a unit speed timelike line segment a;: [0, s;] — M, s; := d(p;, a(u)),
not of the form s — exp,,(—(§ — 5)X) for any (X,5) € & x (u~1t -
¢, u—t+¢'). One must have 6;(s;) ¢ £, and hence ||6;(s;)|| > 1 + J for
each i. Clearly the p; converge to a(t). Moreover, for each i, there exists
Jj(i) > i such that p; € I (a(t + min{2=/,u — t})), and hence such that
L(oj) > u—t — 27", One may therefore, by passing to subsequences if
necessary, assume L(g;) > u —t— 2~/ for all i. Thus the g; admit a causal
cluster curve g: [0, u — t] — M which is a timelike line segment from «(t)
to a(u). One must have ||G(u — t)|| > 1 + J and hence (v — ¢) # &(u).
Let t_ € A, N (—o0,t). Then the concatenation of «|[t—, t} and o is a bro-
ken timelike geodesic segment from a(¢_) to a(u) of length u —¢_. There
follows d(a(t-),a(u)) > u — t_ which gives a contradiction.

It is now evident that there exists an integer { > 0 such that, for each
X,§) e Zx(u—t—e,u—t+e¢g), the geodesic [0,5§] — M defined by
§ > €XPy(y)(— (5 — 5)X) is the unique unit speed timelike line segment from
€XPo(y)(—5X) € A to a(u). Moreover ©|27 X (u —t — &, u—t+¢g)isa
diffeomorphism onto .#;.

Corollary. The function b} |, is smooth and is given by

bc:u(exf)a(u)(_sx)) =U-3

Jorall X,s)e L x(u—t—e,u—t+e).
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The next result is a refinement of Lemma 3.2 of [5] and generalizes the
Proposition of the appendix of [8]. It provides estimates for the initial
directions of timelike line segments which originate near and terminate
on |al.

Lemma 3.11. Suppose t € jla and let t. € A, N (t,00). Then there
exists a neighborhood & C I*(|a|) N I~ (a(ty)) N &, of a(t) admitting a
constant B > 0 such that, forany p € #', any u € A,N[t,, o) and any unit
speed timelike line segment o: [0,d(p, a(u))] — M from p to a(u), one has
l6(0)| < 1+ Br(p) and ||g(0)|| < Br'/*(p).

Proof. Lett_ € A,N(—o0,t),and let Z CC It (a(t-))NT (a(ts)) N,
be a local causality neighborhood of «a(¢). Choose T|,R; > 0 such that
U(Ty,Ry;t) is a compact subset of Z and admits a constant C > 0 such
that b7, — x% < Cr? on U(Ty,Ry;¢) for all ¥ € 4, N [ty,00). Since
the hypersurfaces {x? = const} are smooth and spacelike, there exists a
constant £k > 0 such that, for every ¢ € U(T}, R;;?), every causal vector
X € T, M satisfies ||X|| < k|X°|. Without loss of generality one may assume
R, > 2kT,. Seth:=g— 5 on &. Then h, Vh and the Christoffel symbols
Iy, all vanish on |a|. Hence there exist constants P;, P, > 0 such that
|hj| < Pyr? and ||T| < P, on U(Ty, Ry; ).

Choose T,R > 0 such that T < T; and R < min{R; — k(T, + T),
k(Ty - T), 1/(20kC),5kC /4P, k/10P}. Let p € U(T,R;t), u € A, N
[+, 00) and suppose there exists a unit speed timelike line segment o: [0, v;]
— M from p to a(u). If p € |a| then, since « is a line segment and cannot
have a past endpointat p € U(T, R;t) C I*(a(2-)), o is a segment of a and
must satisfy ||6(0)|| = 1 and ||g(0)|| = O as required. Suppose henceforth
P ¢ || and therefore r(p) > 0.

Since one has Z cC I~ (a(u))N%,, the unit speed timelike line segment
o:[0,v2] — M may be reparametrized to give a timelike line segment
6:[0,9,] — M from p € U(T,R;t) to a(u) ¢ Z such that x0(&(%)) —
x%(p) =9 for all & € 6~ 1(%). The inequality R; — R > k(T + T) ensures
that & can only leave U(T}, R;;t) through the future boundary thereof, and
s0 one must have ¥, > Ty — T. Let §; :=k~'r(p) <k"'R< T, - T < 0.
Then &|[0,?;] is a timelike line segment in U(7}, R;;¢). Setting v; :=
o~! 0 &(0;) one has

(9) vy = b}, (6(0)) — b} ,(p),
and therefore

o1 = x%(&(01)) + x°(p)] < C{r?(p) + r*(6(01)}-
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Since one has r(6(9)) < r(p) + k9 < r(p) + k9, < 2r(p) for all ¥ € [0, 9],
there follows

(10) v, — §1] < 5Cr(p) = 5kCr(p)i;.

One now has

(11) X6 (9))) — x°(p) = 9, < (1 = 5kCr(p))~ vy,
(12) v) < 59, /4 = 5r(p)/4k

by means of r(p) < R < 1/(20kC). In conjunction with the intermediate
value theorem, inequality (11) implies that there exists vp € [0,v;] such
that 6%wg) < (1 — 5kCr(p))~!. By means of the equation

(13) 1= gﬂyd#d” = (7]#,, +hﬂ,,)d'#d'y

one has

2
(1 = o) Dle (wo)lI? < 216°(ve)? — 1 < {%ﬁ%}

Moreover, since the inequalities
r(a(vg)) < 2r(p) < 2R < min{5kC/2P,,1/(10kC)}
imply
[h(e(vo))ll < Pir?(a(vo)) < 4Pir*(p) < 4P Rr(p) < SkCr(p) < 1/4,

there follows

(14) 16:(wo)|| < —EKCrp) {1 _ 25kCr(p) }—1 |

(1 =5kCr(p))3? — 2
The geodesic equation for o gives

~ Lo < ITNe @I < Ao,
integration of which yields
lo@o)ll~" ~ 16(0)|I~" < Povo < Prvy < SPar(p)/4k.
Thus (14) implies
(15) l6(O)™! > 1 = 3Bor(p),

where By := 5(10kC + P/k). Since one has r(p) < R < min{1/(20kC),
k/10P;} and hence Byr(p) < 3, the inequality (15) may be rearranged to
give

(16) l6(0)|| - 1 < Bor(p) < 3.
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Moreover by (13) and (16) one has

g O)I* = 3{ll5(O)II* — 1 — h(6(0),(0))}
(17) < HA + ()6 ) ~ 1} < Bir(p),

where B; := (8P, R + 5By/2)!/%. Setting B := max{By, B} one obtains the
result. q.e.d.

It is now possible to establish a result which will lead directly to condi-
tions for the continuity of b} near ().

Proposition 3.12. Suppose (M,g) is either globally hyperbolic or time-

like geodesically complete. Suppose t € A, and let t,. € A, N (t,0). Then
there exists a neighborhood /" C I'*(la|) N I~ (a(ty)) N, of a(t) admit-
ting a constant L > 0 such that b}, is Lipschitz L-continuous on /4" for all
uUe A, N[ty,00).

Proof. LetZ c I'*(lal) NI~ (a(ty)) N A, be a local causality neighbor-
hood of a(z). Choose 7T, R > 0 such that U(T, R;¢) is a compact subset of
# , and is a neighborhood of a(¢) having the property described in Lemma
3.9 and admitting a constant B > 0 as in Lemma 3.11. There exists a
constant P > 0 such that ||g|| < P on U(T, R;?).

Let p € U(T,R;t). Let u € A, N[t,,00) and set 7 := d(p,a{u)).
The choice of T,R > 0 ensures that there exists a unit speed timelike
line segment o: [u — t,u] — M from p € U(T,R;¢) to a(u). Let ¢, €
(u—t1,u)No~Y(%). Then, on the neighborhood I~ (a(#,); %) of p, the
function b+l, is smooth and satisfies b}, > b}, = b}, with b;t,( ) =
u—-t=>5b},. "Moreover from

Vb, (p)=(6(u~1)

ot

one has
Vb5, (D)1 < le)llle (@ — 1)l < L,

where L := P(1 + BR). This shows that, for any p € U(T,R;¢) there
exists, on a neighborhood of p, a real-valued function f, which smoothly
supports b}, from above at p, and satisfies ||V f,(p)|| < L where L>0isa
constant independent of p. It follows [5, Appendix] that 4}, is Lipschitz
L-continuous on U(T, R;¢) for all u € A, N[, c0).

Corollary. b} is Lipschitz L-continuous on A

There remains the possibility that b} is not C! at o(¢). However the next
result shows that, near «(?), b} admits a class of smooth upper support
functions, the second derivatives of which are readily estimated.

Lemma 3.13. Let (M,g) satisfy the timelike convergence condition
(Rice(v,v) > 0 for all timelike v) and be either globally hyperbolic or timelike
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geodesically complete. Suppose o is future complete, with t € ;1(1, and let
ty € (8,00) C Aq. Then there exists a neighborhood ¥ C I (|a))NI~(a(t,))
of a(t) admitting a constant D > 0 such that, for any u € [t,,0), there ex-
ists a dense subset V' of V" which intersects every spacelike hypersurface of

N in a relatively dense set, and is such that for each p € V' there is a unit
speed timelike line segment o: [pu, Ul — M, S, := u — d(p,a(u)), from p
to a(u), and $, 4 € (Spu, u) such that

(I) b3 smoothly supports b}, from above at p;
(II) Hess b} (X, X) < D||X|[? for all X € T,M
(III) ObZs(p) < /(S = Spu)s

Jor all s € [$p4, u].

Proof. LetZ C I*(|a]) NI~ (a(t+)) N A, be a local causality neighbor-
hood of a(¢) such that d(g,a(t.)) > (¢, —¢t)/2 forallge #. Let T,R > 0
be such that U(T, R;t) is a compact subset of % having the property de-
scribed in the corollary to Lemma 3.9 and admitting a constant B > 0 as
in Lemma 3.11. Let # := U(T,R;t). Choose u € [t,,o0) and, for each
qge N, let s, = u—d(qg,a(u)) and §; == s5; + (¢t — 1)/2 € (s4,u). The
timelike line segments to a(u) of the form R D (a,b] — M cut a dense
subset /" of .#" having a relatively dense intersection with every spacelike

hypersurface of .#". Choose p € .#” and let 6: [s,,u] — M be a timelike
line segment from p to a(u).

(I) Let s € [$p,u]. Since o: [sp,u] — M 1is a line segment from p to
a(u), one has b; (p) = s, = u —d(p,a(u)) = b} ,(p). Proposition 2.2(II)
gives by, > b}, = b}, on J~(o(s)), and Lemma 3.10 gives that b/, is
smooth near p. Thus b} smoothly supports b, from above at p.

(II) For each ¢ € 7" let U}, := {v € U: |i¥] < Br'/?}. For each
q €/ and each Y € Uj let uy: A,y — M be the maximal unit speed
timelike line segment from g in M such that ay(s;) = Y. Since ./ is a
compact subset of the open set %, there exists 6 € (0, (¢, — ¢)/2) such
that py(s) € # for al Y € U/p, all ¢ € " and all 5 € [s;,5,], where
§q 1= 84 +0 € (84,8,). For each g € # the mapping T,M x U/p — R
defined by (X,Y) — Hess b, (X X) is continuous. Since U, is compact
it follows that, for each g e // there exists a constant D, > 0 such that
Hessb; ; (X,X) < D,|iX|? for all (X,Y) € T, M x U/ . The continuity of
Hess b;yygq (X, X) as a function of (X,Y) on the compact space Uc v Ty M x
U,  enSures that D := sup,¢ » D, exists.
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Forany Ye U +B and any s € Ay, N[3p, o), the function b  smoothly
supports b;ry,j from below at p. One therefore has Hess b;rY (X, X)
< Hessb; , (X,X) < D|X|]* for all (X,Y) € T,M x U, and all s €
Ay, N[5, 00). The unit speed timelike line segment o [s,, u] — M from p
to a(u) is of the form uz|[s,, u] for some Z € Uy . The choice of T,R > 0
guarantees Z € U, 5 and the result follows.

(III) This is an easy consequence of the timelike convergence condition
and the Raychaudhuri equation.

The next result is essentially the same as Lemma 2.4 of Galloway [8].

Lemma 3.14. Suppose (M, g) satisfies the timelike convergence condi-
tion and is either globally hyperbolic or timelike geodesically complete. Sup-

pose also that « is future complete. Let t € A,. Then there exists a neigh-
borhood /" C I*(|a]) NI~ (|a|) of a(t) such that every smooth connected

embedded maximal spacelike hypersurface % in A" satisfies the following.
(I) If b} attains its infimum then it is constant.
(I1) If edge(F) # B, then info b = infegee(s) B
Proof. Lett, € (t,00) C Ay andt_ € A,N(—00,t). Let A C I (a(t_))N
I~ (a(t;)) be a compact neighborhood of «(¢) having the properties de-
scribed in Lemma 3.13 and such that b]|.#" is continuous. Let % be a
smooth connected embedded maximal spacelike hypersurface of (M, g) in

[=}

N

Suppose b} |# does attain its infimum at some point p € . but is not
constant. Then A := {p’ € : b (p') = b} (p)} is a proper subset of .7,
and there exists g € A. Let % be a smoothly embedded closed 3-ball in

& such that g € & and % ¢ A. One can construct a smooth function
@: & — R which vanishes at g, has nowhere-vanishing gradient on % and
is strictly positive on the proper subset %’ N A of &. For sufficiently large
a > 0 there exists a constant £, > 0 such that the function y :=1 — e™%¢
on % satisfies

(a) w(q) =0;

(b) Apw < —E, on F;

(©) wlBNA>0,
where As is the Laplacian on &, Extend y:.# > % — R to a smooth
function ¥: /OV O 7 — R on a neighborhood 7~ of . in /OV such that

(d) V¥ =0 on &,
where N is the unit future-directed normal to .%. There exists a constant

E, > 0 such that ||[(V¥)*|| < E, at every point of Z. Since the infi-
mum of b} on the compact subset {¢’ € #: y(q') < 0} of F - A =

{q¢' € F:b(q") > bi(q)} is strictly greater than b¥{q), there exists
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¢ € (0,E;/4DE?) such that the function B¢ := b} + &¥ on 7 satisfies
PE\Z > PBé(q). Clearly p¢|% must attain its infimum at some point

r € %. Relaxing condition (a) if necessary, one may perturb ¥ to achieve
(o]

reS"Ng.

Choose any u € (¢ + 2n/eE|,00) C A, and let o: [s,,,u] — M be a
timelike line segment from r to a(u), as in Lemma 3.13. Since one has
u— S, = dra(u) > da(ty),a(u)) = u—t, > 2n/eE, there exists
s € [$,4, u) such that s —s,, > 2n/eE;. The function f¢ := b;js + &% on
7" smoothly supports 8¢ = b} + &'¥ from above at r and so §¢|.5” attains
a local minimum at r. Hence there exists 4 € R such that

(18) VBE(r) = Vbi(r) + eV¥(r) = —AN(r).

In fact by (d) one must have A = Vnb/, = —g(N, 5(s,,)) > 1. From first
principles one has

Ayﬁf = Db;—,s — HyVNb;:s + Hess b;:s(N, N) + EAL;ﬂW,

where, by hypothesis, the mean curvature He of % is zero. By (18) and
the fact that Vb} ; is smooth and unit timelike near r, there follows

A BE(r) = Ob} + (¢/A)* Hess b} (V) (VI)*) + eAs v,
where the right-hand side is to be evaluated at . One thus has

Az Bi(r) S /(s = su) + (e/A)?DI(VE ()" - ey
< l¢E| + ¢’DE} — ¢E| < —}¢E),

which is incompatible with f¢.%” having a local minimum at r. This
establishes a contradiction. Hence if |5 attains its infimum, then it is
constant.

Suppose edge(.¥) # &. Since ¥ = & Uedge(#) C ¥ is compact,
b} | must attain its infimum at some point x € . If x € edge(-%) then
clearly infs b} = infoge( ) bF. However if x € & then b}|5 is constant,
s0 is b}|7, and one again has infs b} = infeuee s b7

4. Corays and colines

For the purposes of this section let a: R > 4, — M be a line. 'If
B:R D Az — M isacausal curve in J* (|a|)nJ~ (la|) satisfying b} (B(v)) =
bl (B(u))+d(B(u), B(v)) for all u,v € Ay such that v > u then S must be
a line segment. This observation motivates the following.
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Definition 4.1. Let p € J*(Ja]) N J~(|a|). A future/past ray u+: R D
A, — M from/to p satisfying
(@) |ux| € J*(jal) N I=(|a),
(bx) b3 (ux(v)) = bF (us () +d(u+(u), ps(v)) for all u,v € 4, such
that v > u,
is a future/past coray of a. A line f: R D 43 — M satisfying
@D 18l c J*(la)) N T~ (la),
(D) b3 (B(v)) = by (B(v)) = b3 (B(u)) +d(B(u), B(v)) for all u,v € Ag
such that v > u,
is a coline of a. ‘
Note that this definition differs in details from corresponding definitions
of Eschenberg [5] and Galloway [8].
Remark 4.2. Conditions (b+) in Definition 4.1 are equivalent to:
(b,) b3 (1 (v) = b3 (p) + d(p, 1 (v)) for all v € Ay
(bL) b7 (u-(v)) = b5 (p) —d(u-(v),p) forallv € 4,_.
Condition (II) is equivalent to
(I') there exists v € Ag such that b} (f(w)) = by (f(w)) = b (B(v)) +
d((v), f(w)) for all w € AgN[v, 00) and such that b, (B(u)) = b =
by (B(v))—d(B(u), f(v)) forall u € Ag N (—o0,v].
Proposition 4.3. Let p € J*(|a|) N J~(|a|) and suppose o admits a past
coray i to p and a future coray v from p. Then the concatenation of u and
v is a coline of a iff b} (p) = b; (p).
Proof. The ‘only if” claim is clear. For the converse, suppose b} (p) =
b-(p). For all v € 4, one has

bi(v(v)) = b (p) +d(p,v(v)) = b, (p) +d(p,v(v))
< b, (v(v) £ b (v(v))

and hence

by (v(v)) = by (v(v)) = b (p) +d(p,v(v)).
Similarly, for all # € 4, one has

b (u(u)) = by (u(w)) = b} (p) — d(u(u), p).
For all u € A, and all v € 4, one therefore has

d(u(u),p) +d(p,v(v)) <d(uu),v(v)) < b (v(v)) — b (u(u))
=d(u(u),p) +d(p,v(v))

and hence
d(u(u),v(v)) = d(u(u),p) +d(p,v(v)).
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The concatenation of u and v is thus a coline of a.

Corollary. If b} (p) = b, (p), then there exists at most one coline of a
through p, modulo reparametrization.

Remark 4.4. Let § be a unit speed timelike line such that || € J*(Ja])N

J 7 (la]) and |a| C JT(|B]) ﬂJ‘(|,B]). If B is a coline of «, then « need not
be a coline of f.

Suppose henceforth that o is a unit speed timelike line. The following
result then establishes conditions for the existence of corays of a.

Proposition 4.5, Suppose that (M,g) is either globally hyperbolic or
timelike geodesically complete. Let t € A,. Then there exists a neigh-
borhood ¥ C I(|a]) N I~ (Ja]) of alt) such that, for each p € .V, there
exists a timelike coray of o from p.

Proof. Let t, € A, N (t,00). Choose T,R > 0 such that U(T, R;¢)
is a compact subset of &, N I*(|a|) N I~ (a(t})), has the property of the
neighborhood of a(¢) described in the corollary to Lemma 3.9, and admits
a constant B > 0 as in Lemma 3.11. Let p € U(T, R; ).

Let t; € A,N[¢;, 00) be an increasing sequence without cluster point. For
each / there exists a unit speed timelike line segment o;: [0, v;] — M from
p to a(t;). Since one has ||6;(0)|| < 1 + BR for all i one may, by passing
to subsequences if necessary, assume that the ;(0) € T, M converge to a
future-directed unit timelike vector X € T, M.

Let 0: [0,v) — M, v € (0,00], be the maximal unit speed timelike
geodesic from p such that 6(0) = X. Let ¢’: [0,v') — M, v’ € (0,0¢], be a
maximal causal cluster curve of the ¢; from p. Since the &;(0) converge to
¢(0) = X, o’ must be a segment of ¢. If the a(#;) have no cluster point in
M, then ¢’ is future endless in M and coincides with o. Suppose however
that the a(¢;) do admit at least one cluster point. Then (M,g) cannot be
globally hyperbolic and so must be timelike geodesically complete. In this
case ¢’ is either future endless in M and coincident with o, or has a future
endpoint at some cluster point ¢ of the a(¢;). Suppose the latter. Let
d > 0. The future completeness of « implies that there exists I > 0 such
that d(p, a(t;)) = L(o;) > L(0¢’) + & for all i > I. Since the 4,(0) € T,M
converge to the timelike vector ¢(0) € T, M, it follows that there exists
J > I such that o(v;) = a(t;) € I*(g), and hence such that g € I™(a(¢))).
Since g is a cluster point of the a(¢;), there must exist £ > j such that

a(ty) € I~ (a(¢;)). But this implies that the chronology condition fails at
a(t;), contrary to Proposition 3.3. In general therefore the o;: [0,v;] — M
converge to g: [0,v) — M.

Let # € (0,v). There exists I > 0 such that min{v,,v} > u + 2~/ for

all i > I. For each i > I there exists j(i) > i such that there exists ¥; €
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(0, min{u+2",v;}] = (0, u+ 2~ satisfying g;(u;) € I'* (o (u)). Otherwise
there would exist i/ > I such that g;(¥') € M — I"(a(u)) for all ' €
(0,u+ 271 and all j > i, and this would imply ¢(¥") € M — I'*(a(u)) for
all w”’ € (0,u+27'1N[0,v) D (u,u + 2~']. For each i > I one has

ba(a(w) = t; —d(a(u),0;(v))) < t; — {d(a(u), 0;(u;)) + v, — u;}
<tj—vj+u; <bl (p)+u+27"

There follows b7 (a(u)) < b} (p) + u
hence d(p,o(u)) = uand b} (a(u)) =
coray of a from p. q.e.d.

< b} (p) +d(p, () < b (o(u)) and
bt (p)+d(p,o(u)). Thus o is a future

The existence of corays can be most useful, as in the proof of the fol-
lowing result.

Proposition 4.6. Let (M,g) be either globally hyperbolic or timelike
geodesically complete. Let t € A,. Then for any t, € A, N (t,00) there
exists a neighborhood V" C I (|al) NI~ (a(ty)) of a(t) such that

(I) for any u € A, N [ty,00) the sets {b}, = const} N.A" are acausal in
M;
(IT) the sets {b} = const} N.¥" are acausal in M.

Proof. Let # C I"(Ja|) N I~ (a(ty)) be a neighborhood of «a(¢) as in
Proposition 4.5 and the corollary to Lemma 3.9.

(I) Suppose there exist p,g € {b}, = const} N.#" such that there ex-
ists a nondegenerate causal curve u in M from p to g. From the in-
equality bt (q) > b} (p) + d(p,q) one has d(p,q) = 0 and hence that u
is a null geodesic. Let g, () be a timelike line segment from g to a(u).
The concatenation of 4 and o, is a broken causal geodesic y from
p to a(u) of length L(y) = L(0,4,) = d(q,a(u)). One therefore has
d(q,a(u)) < d(p,a(u)). This implies b}, (p) < b},(q) which gives a con-
tradiction.

(II) Suppose there exist p, g € {b] = const} N.#" such that there exists
a nondegenerate causal curve u in M from p to g. From the inequality
b*(q) > bi(p) + d(p,q) one has d(p,q) = 0 and hence that x is a null
geodesic. Let v: R D 4, — M be a timelike future coray of a from gq.
Choose any v € A4, such that v(v) # g. The concatenation of # and the
segment of v from g to v(v) is a broken causal geodesic from p to v(v).
One therefore has d(q,v(v)) < d(p,v(v)) and hence b} (p) + d(q,v(v)) <
b} (p) +d(p,v(v)) < b} (v(v)) = b} (q) +d(q, v(v)). This implies b} (p) <
b}(q) which gives a contradiction.



182 RICHARD P.A.C. NEWMAN

5. The splitting theorem

The results of the previous sections will be brought together here to
prove the splitting conjecture of Yau [10] quoted in the Introduction. A
local splitting theorem will first be established with methods which closely
follow Galloway [8].

Theorem 5.1. - Suppose (M, g) is timelike geodesically complete and sat-
isfies the null convergence condition. If (M, g) admits a unit speed timelike
line a: R — M, then there exists an open neighborhood V" of |a| such that:

(I) &Z :={b} = b, =0}NA" is a smooth embedded acausal hypersur-
face Of(M, g);
(I) (A, gl¥") is isometric to (R x ¥, —dt* @ h), where h is the induced
metric on &,

(IIT) for each p € & the curve R — " defined by t — (1,p) is a umt
speed timelike coline of a.

Proof. By Propositions 3.5, 4.5 and 4.6, the corollary to Proposition
3.12, and the time-reversed analogues of these results, there exists a local
causality neighborhood Z < It (|a|) N I~ (Ja|) of «(0) such that 41|% and
b, |% are continuous, the set {bF = 0} NZ is acausal, and for each p € Z,
there exists a timelike future coray of a from p and a timelike past coray
of a to p. One may suppose that % is also a neighborhood of a(0) as in
- Lemma 3.14 and in the corresponding time-reversed result.

Since b} |Z i is continuous, the set {bf=0}nZ is relatlvely edgeless in
%, and there exists a relative - open neighborhood Z of a(0) in {b} = 0}n¥. -
such that & ccC %, edge(.¥) # @, D(¥) c . Since edge(.¥) C {bF =
0} N Z is acausal, results of Bartnik [1] give that there exists a smooth
maximal hypersurface 5” of D(&) such that

(a) edge(¥) = edge( c{bf=0}n¥%,

©) DA =D
The line a, which cuts . ¢ D(%) = D(%) at a(0), must cut & at a(t)
for some ¢ € R. One has

t=>b,(a(t)) <supb, = sup b, < sup b} =0,
7 edge(¥) edge(.¥)
0= inf b} =infb} <bl(a(t)) =1,
edge(.7) S
and hence inf» b} = b} (a(t)) = 0 and supy b; = b7 (a(t)) = 0. There
follows b} = b, | = 0.

By Proposition 4.3, for each p € % there exists a unique unit speed
timelike coline f,: R — M of « such that ,(0) = p. One has b} (8,(?)) =
b, (By(t)) forall p € & and all t € R. For any p € % and ¢ > O one
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must have d(.%, 8,(t)) = t; otherwise there would exist p’ € . such that
t<dp, Bp(t) < bi(Bp(t)) — b (p") =t which is impossible. Similarly,
for any p € . and ¢t < 0 one must have d(f,(¢),¥) = |t|. Hence each
B, meets . orthogonally and does not admit any value conjugate to ..
The mapping Z: R x ¥ — M defined by (z,p) — B,(¢) is therefore a
local diffeomorphism. Moreover, since there can be at most one coline
of a through any point of M, ¥ must be an injection and consequently a
diffeomorphism onto its image. This image is an open neighborhood .#"
of |a| in M. Henceforth let ./ be identified with R x .5 via X.

Define a unit timelike geodesic vector field V on.#" by (t,p) — B,(t) €
T, »M. Since each maximal integral curve of V is complete without con-
jugate values, and (M, g) satisfies the timelike convergence condition, V
must have zero expansion and shear. It follows that V, being unit timelike
and geodesic, is covariantly constant and therefore a Killing field. Hence
the flow of V is a one-parameter family of isometries of (#, g|.#"). Since
the integral curves of V meet the hypersurfaces {¢ = const} orthogonally,
and d¢ is a unit timelike one-form on .#, one has that (/' g|.#") is iso-
metric to (R x ., —dt> @ h), where h is the induced metric on metric on
. q.ed.

This local splitting theorem may be globalized by precisely the same
arguments as used by Eschenburg [5] in the globally hyperbolic case. This
yields the final result.

Theorem 5.2. Suppose (M, g) is timelike geodesically complete, satisfies
the timelike convergence condition and admits a unit speed timelike line
a: R — M. Then (M,g) is isometric to (R x ., —dt* @ h), where (&, h) is
a complete Riemannian 3-manifold, and o: R — M is given by t — (¢,p)
Jfor some p € .

The work of Galloway [8] establishes that the conclusions of Theorem
5.2 are maintained if the hypothesis of timelike geodesic completeness is
replaced by a hypothesis of global hypobilicity. Thus Theorem 5.2 comple-
ments Galloway’s result, and each generalizes the theorem of Eschenberg
[5] which establishes the same conclusions in the case where both hypothe-
ses hold.
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